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Abstract
A permutation group is said to be quasiprimitive if each non-trivial normal subgroup is transitive.
Finite quasiprimitive permutation groups may be classified into eight types, in a similar fashion
to the case division of finite primitive permutation groups provided by the O’Nan–Scott Theorem.
The action induced by an imprimitive quasiprimitive permutation group on a non-trivial block
system is faithful and quasiprimitive, but may have a different quasiprimitive type from that of
the original permutation action. All possibilities for such differences are determined. Suppose that
G<H < Sym(Ω) with G, H quasiprimitive and imprimitive. Then for each non-trivial H -invariant
partition B of Ω , we have an inclusion GB < HB  Sym(B) with HB ∼= H and GB ∼= G, and
HB is primitive if B is maximal. The inclusions (GB,HB) in the case where HB is primitive have
been described in work of Baddeley and the author, but it turns out that many of them have no proper
liftings to imprimitive quasiprimitive inclusions (G,H). We show that either G and H have the same
socle and the same quasiprimitive type, or the inclusion (G,H) is associated in a well defined way
with a proper factorisation S =AT where S and T are both non-abelian simple groups.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
A permutation group on a set Ω is said to be quasiprimitive on Ω if each of its
non-trivial normal subgroups is transitive. This concept is a weaker notion than that of
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described in a manner analogous to the description of finite primitive permutation groups
provided by the theorem of M.E. O’Nan and L.L. Scott [7,15]. This was demonstrated
in [11] where it was shown that there are several distinct types of finite quasiprimitive
permutation groups, each type corresponding to an O’Nan–Scott type of primitive
permutation group. We use the case division into types presented in [3,12]. This division
into eight pairwise disjoint types was suggested by L.G. Kovacs and has been found to be
more helpful in combinatorial applications than the original coarser subdivision.
The purpose of this paper is to complete a study begun in [10], and continued
in [3], of the possible inclusions G < H < Sym(Ω) of quasiprimitive permutation
groups G,H , paying special attention to the quasiprimitive types of G and H . Such
a pair (G,H) is called a quasiprimitive inclusion on Ω , and is said to have type
(X,Y ) if G,H are quasiprimitive of type X,Y respectively. The papers [3,10] dealt
with the case where H is primitive on Ω , and in this paper we consider the case of
imprimitive quasiprimitive inclusions, that is, the case whereH andG are both imprimitive
quasiprimitive permutation groups on Ω .
In Section 2 we first discuss the concept of imprimitivity for permutation groups, and
the associated quotient actions of imprimitive groups. We then give a brief description
of the eight types of quasiprimitive and primitive permutation groups mentioned above.
Our first result Theorem 1 is elementary. It concerns the quotient actions of imprimitive
quasiprimitive permutation groups, and is stated in terms of these quasiprimitive types.
If B is a G-invariant partition of Ω for a quasiprimitive permutation group G, then G
permutes the parts of B transitively. We denote the permutation group of B induced by G
as GB , and if B is non-trivial, that is, if 1 < |B|< |Ω |, we refer to the action of G on B
as a non-trivial quotient action of G. If a normal subgroup of G is intransitive on B, then
it is also intransitive on Ω , and since G is quasiprimitive on Ω , the only normal subgroup
intransitive on B is the identity subgroup. Hence GB ∼=G, and GB is quasiprimitive. It is
possible for GB to have a quasiprimitive type different from that of G on Ω . For the first
three quasiprimitive types HA, HS and HC (as defined in Section 2.2), all quasiprimitive
permutation groups of these types are primitive, so there are no non-trivial quotient actions
in these cases. For the other five quasiprimitive types AS, SD, CD, TW, PA, the possible
types of non-trivial quotient actions are determined in Theorem 1, the proof of which is
given in Section 4. Recall that the quasiprimitive types are defined in Section 2.2.
Theorem 1. Let G be an imprimitive quasiprimitive permutation group of type X on a
finite set Ω , let B be a non-trivial G-invariant partition of Ω , and let the quasiprimitive
type of GB be XB . Then either the pair (X,XB) = (AS, AS), or (X,XB) occurs in the
Quotient Action Matrix in Fig. 1 with (X,XB)-entry equal to . Conversely, examples
exist in all these cases.
That quotient actions exist corresponding to each of the entries  in Fig. 1 is
demonstrated by explicit constructions given in Section 4. The lower triangular character of
the pattern of entries in Fig. 1 suggests something like a total order on the quasiprimitive
types CD, SD, PA, TW, and this is reflected in the construction of these examples. However,
for a pair (X,XB) with entry , it is not true that every imprimitive quasiprimitive group
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
CD SD PA TW
CD  − − −
SD  − − −
PA    −
TW    −


Fig. 1. Quotient Action Matrix.
of type X has a quotient action of type XB . I wish to acknowledge with thanks that this
observation, and a simplified proof of Theorem 1 that now appears in Section 4, were
suggested by an anonymous referee.
For an imprimitive quasiprimitive inclusion (G,H) on Ω , if B is an H -invariant
partition of Ω , then the pair (GB,HB) is a quasiprimitive inclusion on B, and if B is
maximal then HB is primitive. The inclusion (GB,HB) on B is said to be a quotient of the
inclusion (G,H) on Ω , and (G,H) is said to be a lifting of (GB,HB). If B is maximal
then (GB,HB) is described in [10] if GB is primitive, or in [3] if GB is imprimitive.
To facilitate our analysis we summarise the results of [3,10] in Section 3 using matrices
similar to the Quotient Action Matrix of Fig. 1. As we mentioned above, the types of GB
and HB may be different from those of G,H , and it turns out that many quasiprimitive
inclusions (GB,HB) with HB primitive admit no lifting to an imprimitive quasiprimitive
inclusion (G,H), while others have natural liftings, and yet others have rather interesting
and perhaps unexpected liftings. We classify the various possibilities in Theorem 2, the
main result of the paper. It is proved in Section 5. The statement involves the socle soc(G)
of a group G, which is the product of the minimal normal subgroups of G.
Theorem 2. Let (G,H) be an imprimitive quasiprimitive inclusion on a finite setΩ of type
(X,Y ) and let M,N be the socles of G,H respectively. Let B be a non-trivial H -invariant
partition of Ω , and let the type of the corresponding quotient (GB,HB) be (XB, YB).
Then one of the following holds, where B ∈ B and α ∈ B .
(a) X = Y and M =N ; or
(b) M = T k < N = Sk for non-abelian simple groups S, T , and either Y = YB = X =
XB = AS if k = 1, or Y = YB = XB = PA and X = PA or TW if k > 1. Moreover, S
admits a proper factorisation S = T A where NB is a subdirect subgroup of Ak; or
(c) M = Sp4(q)k < N = Sp4r (q0)2k , where q = qr0 > 2 with q even and r  1, Y =
YB = PA, and either X = XB = AS if k = 1, or X = XB = PA if k > 1. Moreover,
−4r (q0)2k < Nα < NB  O
−
4r (q0)
2k
, Nα is a subdirect subgroup of O−4r (q0)2k , and
|B| = |NB : Nα| divides 2k so that |B| = 2a(q2(q2 − 1)/2)2k for some a satisfying
0 a < k.
In particular, either (a) holds, or (X,Y )= (AS,AS), or Y = PA and X ∈ {AS, TW, PA },
and each of these possibilities can arise.
At the end of Section 5 we give a brief discussion that demonstrates by examples that
all possibilities in the last sentence of Theorem 2 arise. Theorem 2(c) is of special interest.
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special cases in [4] prompting a detailed study of them in [14]. One of the results in [14]
provides fairly precise information about the possible imprimitive actions in Theorem 2(c).
Remark 1. Suppose that G, H satisfy the conclusion of Theorem 2(c) with k > 1.
Then M = Sp4(q)k < Sp4(q)2k  N = Sp4r (q0)2k so let us suppose that N = Sp4(q)2k .
Set N0 = NN(Nα) = O−4 (q)2k . Then H acts primitively on the set C of right cosets
of HαN0, and the inclusion (GC,H C) is a quotient of both (G,H) and (GB,HB).
In the proof of Lemma 5 it is shown that each simple direct factor of M is a full
diagonal subgroup of the direct product Sp4(q) × Sp4(q) of two of the simple direct
factors of N . Thus [14, Theorem 1.5] applies and gives a precise characterisation as
follows of the possibilities for both (G,H) and (GB,HB) as liftings of (GC,H C). Let
Ψ denote the natural projection map from N0 to its quotient N0/N ′0 ∼= Z2k2 . Then by
[14, Theorem 1.5(c)], the conditions N = MNα and N = MNB (which hold since M
is transitive) are equivalent to the conditions Ψ (N0) = Ψ (M ∩N0)Ψ (Nα) and Ψ (N0) =
Ψ (M ∩N0)Ψ (NB) respectively. Thus the subgroups Ψ (Nα) and Ψ (NB) are supplements
of Ψ (M ∩N0)∼=Zk2 in Ψ (N0)=Z2k2 .
2. Notation and types
2.1. Basic concepts for permutation groups
Let G be a transitive permutation group on Ω . A partition B of Ω is said to be
G-invariant if G permutes blockwise the blocks of B. In this case, each block B ∈ B
is called a block of imprimitivity for G in Ω , and the partition B is equal to {Bg | g ∈G};
we say that B is generated by B . As mentioned in Section 1, GB denotes the transitive
permutation group induced by G on B, and this action of G on B is called a quotient
action of G. A G-invariant partition B is said to be proper if its blocks are proper subsets
of Ω , B is said to be non-trivial if it is proper and its blocks contain at least 2 points of Ω ,
and B is said to be maximal if it is proper and the only G-invariant partition it refines is
{Ω}. A transitive groupG onΩ is said to be imprimitive if there is a non-trivialG-invariant
partition of Ω , and otherwise is said to be primitive. If G is imprimitive on Ω and B is a
maximal G-invariant partition of Ω , then GB is primitive. If a G-invariant partition B of
Ω is non-trivial or maximal, then the corresponding quotient action is said to be non-trivial
or primitive respectively.
For a permutation group G  Sym(Ω), and a point α ∈ Ω , we denote the G-orbit
containing α by αG := {αg | g ∈ G}. If B is a block of imprimitivity for G in Ω and
α ∈B , then B = αGB is an orbit of the setwise stabiliser GB of B .
Clearly, every over-group in Sym(Ω) of a primitive permutation group on Ω is itself
primitive. Moreover, since the set of orbits of a normal subgroup N of a transitive
permutation group G on Ω forms a G-invariant partition of Ω , it follows that every non-
trivial normal subgroup of a primitive permutation group is transitive, and hence every
primitive permutation group is quasiprimitive. That the converse is not true in general may
be seen by considering the right multiplication action of a non-abelian simple group G on
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images under elements of G of {Hm |m ∈M} form a non-trivial G-invariant partition of
[G :H ].
Each imprimitive quasiprimitive permutation group G on Ω is contained in at least one
non-quasiprimitive subgroup of Sym(Ω), for if B is a non-trivial G-invariant partition
of Ω , then G is contained in the full stabiliser H of B in Sym(Ω), and H is not
quasiprimitive because
∏
B∈B Sym(B) is an intransitive normal subgroup of H . However,
the partially ordered set of quasiprimitive subgroups of Sym(Ω), especially the interval
between a given quasiprimitive subgroupG and Sym(Ω), is of intrinsic interest, and is also
of importance in combinatorial applications. Thus we would like to describe all inclusions
G<H < Sym(Ω) with G,H quasiprimitive.
2.2. Types of quasiprimitive groups
Suppose that G is a quasiprimitive permutation group on a finite set Ω , and let α ∈Ω .
By the main theorem in [11], G belongs to exactly one of several disjoint types of
quasiprimitive groups. As in [3], we use a version of this result that identifies eight pairwise
disjoint types. We describe the types in this subsection, and discuss conditions for groups
of these types to be primitive.
We give each of the types a name of the form XX, that is one capital letter X followed
by one small capital letter X. Each primitive permutation group of type XX is said to be of
type XX. Thus ‘capital–capital’ denotes primitivity, while ‘capital–small capital’ denotes
quasiprimitivity with possible primitivity.
All quasiprimitive groups of the first three types are primitive, whereas each of the
remaining five types contains imprimitive quasiprimitive groups as well as primitive
groups. Each quasiprimitive group G in the first three types is permutationally isomorphic
to a primitive subgroup of the holomorph Hol(M) of a certain group M , where Hol(M) is
the semidirect product M·AutM formed with respect to the natural action of AutM on M ,
and G contains the base group M of Hol(M). Moreover M is regular on Ω , that is, M is
transitive and only the identity element fixes a point of Ω .
Quasiprimitive permutation groupsG of the five remaining types have a unique minimal
normal subgroup N = soc(G), and N is of the form N = T k for some non-abelian simple
group T and positive integer k. When k  2, the types are distinguished by the nature of a
point stabiliser Nα . We give in Table 1 the list of these eight quasiprimitive types, together
with a ‘recognition criterion’ for each type, demonstrating in particular that there is no
overlap between the types.
For a direct product M = T1 × · · · × Tk , a subgroup K of M is a subdirect subgroup
if πi(K) = Ti for each of the projection maps πi :M → Ti . We say that K is a diagonal
subgroup of M if K ∼= πi(K) for all i , and that K is a full diagonal subgroup of M if it
is both a subdirect and a diagonal subgroup of M . Observe that full diagonal subgroups
exist only if the factors T1, . . . , Tk are all isomorphic to the same group T , say; an
arbitrary full diagonal subgroup of M is then of the form {(xϕ1, . . . , xϕk ) | x ∈ T } for some
isomorphisms ϕi :T → Ti (i = 1, . . . , k). We say thatK is a strip of M , or a full strip ofM ,
if it is respectively a diagonal subgroup, or a full diagonal subgroup, of the direct product
of some non-empty subset of T = {T1, . . . , Tk}. The covering set of a strip K is the set of
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Quasiprimitive types
Type Name Recognition criterion
HA holomorph of an abelian group there is a unique minimal normal subgroup,
and it is elementary abelian
HS holomorph of a non-abelian there are two minimal normal subgroups, both regular,
simple group non-abelian and simple
HC holomorph of a composite there are two minimal normal subgroups, both regular,
non-abelian group non-abelian and not simple
For the remaining types there is a unique minimal normal subgroup T k , where T is a non-abelian simple group,
and k  1
AS almost simple k = 1
TW twisted wreath product T k is regular and k  2
SD simple diagonal a point stabiliser in T k (k  2) is a full diagonal subgroup
CD compound diagonal a point stabiliser in T k (k  2) is subdirect but not diagonal
PA product action a point stabiliser in T k (k  2) is non-trivial, but not a subdirect
subgroup of T k
factors Ti such that πi(K) is non-trivial; two strips of M are disjoint if their covering sets
are disjoint. Note that disjoint strips commute. Scott’s lemma [15, Lemma, p. 328] shows
that, for N = T k with T a non-abelian simple group, a subdirect subgroup K is either a
full diagonal subgroup, or a direct product of at least two pair-wise disjoint full strips.
It is clear from the descriptions of the eight types HA, HS, HC, AS, SD, CD, TW, PA,
that a finite quasiprimitive permutation group belongs to at most one of these types. The
main theorem in [11] shows that the converse is also true.
Remark 2. The case distinction given in [11] is different from that given in Table 1,
as it follows the case distinction for finite primitive permutation groups in [7]. The
correspondence between the types in [11] and those in Table 1 is given below.
I ←→ HA
II ←→ AS
III(a)(i) ←→ SD
III(a)(ii) ←→ HS
III(b)(i) ←→ PA
III(b)(ii) ←→ HC and CD
III(c) ←→ TW
Remark 3. The conditions under which a quasiprimitive group G of one of the last five
types is primitive can be rather subtle. Of course, G is primitive if and only if the stabiliser
Gα is maximal in G. For type AS, this implies that N is not regular, but this condition
is not sufficient for primitivity. Also, for type TW, we mention only one condition that is
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modulo the centraliser, of a simple direct factor T of N . For G to be primitive, this
quotient must be almost simple with socle isomorphic to T . For a detailed discussion,
see Section 3 of [1]. A quasiprimitive group of type SD is primitive if and only if Gα
permutes primitively the simple direct factors of N . Thus for k  4 there are imprimitive
quasiprimitive groups of type SD.
2.3. Wreath products in product action
The quasiprimitive groups of types CD and PA are subgroups of wreath products in
product action (but this action is not always on the original set Ω). In order to describe the
quasiprimitive groups in these final cases in more detail, and to give a necessary condition
for primitivity, it is useful to introduce this action.
Suppose that Ω = ∆l with l  2. The stabiliser in Sym(Ω) of this Cartesian
decomposition is the wreath product X = Sym(∆) wr Sl , where, for δ = (δ1, . . . , δl) ∈Ω
and (a1, . . . , al)π ∈ Sym(∆)wr Sl ,
(a1, . . . , al) : δ →
(
δ
a1
1 , . . . , δ
al
l
)
, and π : δ → (δ1π−1, . . . , δlπ−1
)
.
This is called the product action of X. Let π :X → Sl be the projection map from X
onto its top group Sl so that ker(π) is the base group (Sym(∆))l of X. For i = 1, . . . , l,
let Xi denote the inverse image in X under π of the stabiliser in Sl of the point i; thus
Xi ∼= Sym(∆) × (Sym(∆) wr Sl−1). For each i , let πi :Xi → Sym(∆) be the natural
projection map.
If G  X, then the Cartesian decomposition is said to be G-transitive if π(G) is a
transitive subgroup of Sl , and the components forG relative to the Cartesian decomposition
are the permutation groupsGi := πi(Xi ∩G). For a G-transitive Cartesian decomposition,
the components Gi are all equivalent to the same permutation group H , say, on ∆, and
replacing G by a conjugate in Sym(Ω) if necessary, we may assume that GH wr Sl 
Sym(∆)wr Sl .
Returning to quasiprimitive groups G of type CD: each such group G preserves a
Cartesian decomposition Ω = ∆l of Ω for some l  2, and we may assume that G 
H wr Sl  Sym(∆) wr Sl , where H is the component for G relative to this Cartesian
decomposition. If the Cartesian decomposition ∆l is chosen with l maximal, then H is a
quasiprimitive group of type SD with socle T k/l (see [3, Section 4]); for G to be primitive
of type CD, the subgroup H in this case must be primitive of type SD. Thus, for k/l  4,
there exist imprimitive quasiprimitive permutation groups of type CD.
For the final quasiprimitive type PA, the point stabiliser Nα is a subdirect subgroup of
Rk for some proper, non-trivial subgroupR of T . Now Rk is normalised by Gα , and so the
Rk-orbit ω containing α is a block of imprimitivity for G that generates a G-invariant
partition Ω ′ of Ω on which G acts faithfully. In this action, G preserves a Cartesian
decomposition Ω ′ = ∆k , and the component of G is a quasiprimitive subgroup H of
Sym(∆) of type AS with non-regular socle T . Thus G∼=GΩ ′ H wrSk  Sym(∆)wrSk ,
in product action on Ω ′ (see [11]).
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if G = H wr Sk and Ω = ∆l , with H as above, then Gα = Hδ wr Sk and Nα = Rk . The
full diagonal subgroupM = {(h, . . . , h) | h ∈Hδ} of Hkδ is centralised by the top group Sk .
The right multiplication action of G on the set [G :M × Sk] of right cosets of M × Sk is
faithful and quasiprimitive of type PA, and for this action the blocks ofΩ ′ have size |R|k−1.
Quasiprimitive actions of type PA have been studied extensively by Baddeley, Schneider
and the author, and part of this investigation is reported in [4].
2.4. Blow-ups of quasiprimitive inclusions
The concept of a blow-up of a primitive permutation group was introduced by Kovacs
in [6], and was generalised for quasiprimitive groups in [3, Section 4.6]. Suppose that
G Sym(Ω) preserves a Cartesian decomposition Ω = ∆l and G X = Sym(∆) wr Sl
for some l  2. Let G1, . . . ,Gl be the components for G, as defined above. Note that
soc(G1) × · · · × soc(Gl) is naturally a subgroup of the base group of X. The Cartesian
decomposition is said to be a blow-up decomposition of Ω relative to G if it is G-transitive
and G contains soc(G1) × · · · × soc(Gl). In this situation the permutation group G on
Ω is said to be a blow-up of the permutation group G1 on ∆. Suppose moreover that
G H  X and H has component H1 := π1(X1 ∩H). If both (G,H) and (G1,H1) are
quasiprimitive-primitive inclusions, then we say that (G,H) is a blow-up inclusion and is
a blow-up of (G1,H1).
3. Quasiprimitive inclusions
If G and H are both primitive on Ω , then we say that (G,H) is a primitive inclusion
on Ω . A description of primitive inclusions was given in [10]. Also quasiprimitive
inclusions for which H is primitive on Ω but G is imprimitive were described in [3,4].
These latter quasiprimitive inclusions are called quasiprimitive-primitive inclusions when
we wish to emphasise that the group H is primitive. Both descriptions classified in
particular the possible types for such quasiprimitive inclusions. For ease of reference we
summarise this information in matrices similar to the Quotient Action Matrix of Fig. 1.
First we deal with primitive inclusions. Converting the information from [10] to this new
format is straightforward but needs care. The relationship between the two expositions of
these results will be explained in Remark 4.
Theorem 3 [10]. Let (G,H) be a primitive inclusion on a finite set Ω of size n with type
(X,Y ) such that H = An or Sn. Then either X = Y and soc(G) = soc(H), or X = SD,
Y /∈ {HS,TW}, and the (X,Y )-entry of the Primitive Inclusions Matrix in Fig. 2 is the
symbol . Conversely, if the (X,Y )-entry of this matrix is , then there exists a finite
primitive inclusion of type (X,Y ).
Remark 4 (Derivation of Theorem 3 from [10]). This theorem is proved in [10], but the
statement given there is somewhat different from the one above. To deduce Theorem 3,
as stated, from the results of [10], we make the following observations. The facts that
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HA HC AS SD CD PA
HA − −  − − 
HS − − −  − −
HC − − − −  
AS  −  − − 
CD − − − − − 
TW −  − −  
PA  − − − − 


Fig. 2. Primitive Inclusions Matrix.
Y = TW and X = SD follow from [10, Lemma 4.5 and Proposition 8.1] respectively.
The correctness of Row HA and Column HA follows from [10, Propositions 5.1 and 5.2]
respectively; that of Row AS and Column AS follows from [10, Propositions 6.1 and 6.2]
respectively; and that of Row PA, Rows HS, HC, CD, and Row TW follow from [10,
Propositions 7.1, 8.1, and 9.1] respectively. We note that for each of the types X = SD, it
is not possible for the type Y to be HS, and so we conclude finally that Y = HS.
Remark 5 (Constructions and comments on [10]). In [10, Section 3], several general
constructions are given for families of primitive inclusions, called ‘natural inclusions’
(specifically in 3.1–3.10). Several additional constructions of ‘exceptional inclusions’ are
given in Tables 1–3 of the introduction of [10]. It is proved that every primitive inclusion
(G,H) is either a natural inclusion or an exceptional inclusion, or there exists a third
subgroup L with G< L< H such that (G,L) is a “blow up of an exceptional inclusion”
and (L,H) is a natural inclusion. (Blow ups were defined in Section 2.4.) Two amendments
are needed to the tables in [10]. The first is to [10, Table 2], where the last row should be
deleted, as the subgroup of type HA listed there is not primitive (this was first noted in
[13, Proposition 2.1]); this amendment concerns examples of (HA,AS) and (HA,PA)
inclusions. The second amendment is to [10, Note (a) to Table 3] which fails to take into
account the possibility that the group L1 referred to in the table may involve a symplectic
group Sp4r (q0), where q = qr0 . The necessity for this amendment was first pointed out
in [3]. Note (a) to Table 3 in [10] should read:
‘In all cases soc(L0) is embedded in soc(L1) as a diagonal subgroup of S × S, and
soc(L1) is S × S, or Am × Am, or line 3 applies with q = qr0 , r > 1, and soc(L1) is
Sp4r (q0)× Sp4r (q0).’
The result for the quasiprimitive-primitive inclusions (G,H) where G is imprimitive is
the following.
Theorem 4 [3]. Let (G,H) be a quasiprimitive-primitive inclusion on a finite set Ω of n
points with type (X,Y ) such that G is imprimitive and H = An or Sn. Then either X =
Y and soc(G) = soc(H), or X ∈ {AS,CD,TW,PA}, Y ∈ {HS,HC,AS,SD,CD,PA},
and the (X,Y )-entry of the Quasiprimitive-Primitive Inclusions Matrix in Fig. 3 is the
symbol . Conversely if the (X,Y )-entry of this matrix is  then there exists a finite
quasiprimitive-primitive inclusion of type (X,Y ).
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
HS HC AS SD CD PA
AS  −   − 
CD − − − − − 
TW −  −   
PA − − −   


Fig. 3. Quasiprimitive-Primitive Inclusions Matrix.
Remark 6 (Deriving Theorem 4 from [3]). If Y = AS and (X,Y ) = (TW,PA) or (PA,PA),
then all imprimitive-primitive (X,Y )-inclusions arising in Theorem 4 are described in [10].
We note that Fig. 3 differs slightly from the ‘Results Matrix’ in [3]. The reason is that we
are assuming that G is imprimitive and we have not listed separately those quasiprimitive-
primitive inclusions (G,H) for which X = Y and soc(G) = soc(H). The latter property
holds for all (TW,TW), (SD,SD) and (CD,CD) inclusions (see [3, 4.1, 4.2, Remark
4.11]). Thus when the condition ‘X= Y and soc(G)= soc(H)’ does not hold, we apply [3,
Theorem 1.2] and find that X ∈ {AS,CD,TW,PA}, Y ∈ {HS,HC,AS,SD,CD,PA}, and
all the entries in Fig. 3 are correct. For the cases where (X,Y )= (TW,PA) or (PA,PA),
the possible inclusions are investigated in depth in on-going work of Baddeley, Schneider
and the author, part of which is reported in [4].
Remark 7 (The case (X,Y ) = (AS,AS)). A classification of all possibilities for these
inclusions has not yet been completed. If G is maximal in H subject to not containing
soc(H), then, since H =GHα and soc(G) = soc(H), all such inclusions are listed in [8,9].
The general situation here is that we have an almost simple groupH containing a transitive
non-abelian simple subgroup soc(G). Thus we have a factorisationH = soc(G)Hα withH
almost simple, Hα maximal and not containing soc(H), and soc(G) a non-abelian simple
group. A program for classifying such factorisations is being undertaken by Liebeck, Saxl
and the author.
4. Proof of Theorem 1
Let G be an imprimitive quasiprimitive permutation group of type X on a finite set Ω ,
and let α ∈ Ω . Let B be a proper G-invariant partition of Ω , and let B ∈ B be the
block containing α. Since G is imprimitive, X is one of AS,SD,CD,TW,PA, and in
each case N = soc(G) is the unique minimal normal subgroup of G and is of the form
N = T1 × · · · × Tk = T k for some non-abelian simple group T and positive integer k.
Since GB ∼= G, the group NB ∼= T k is the unique minimal normal subgroup of GB . In
particular X = AS if and only if k = 1, and hence this occurs if and only if XB = AS. So
we assume from now on that k > 1.
Suppose next that X = SD. Then Nα < NB and Nα is a full diagonal subgroup of N .
Hence NB is a subdirect subgroup of N , and is not a diagonal subgroup. The only type for
which there is a unique minimal normal subgroup and the point stabiliser of the socle has
this property is the type CD. HenceXB = CD. Similarly, if X = CD, then NB is a subdirect
subgroup of N , but not a diagonal subgroup, and so GB is also of type CD.
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since N is the unique minimal normal subgroup of G, it follows that XB is SD if NB is a
full diagonal subgroup of N , CD if NB is a subdirect subgroup of N but is not a diagonal
subgroup, and PA if NB is not a subdirect subgroup of N . Finally suppose that X = PA,
with Nα a subdirect subgroup of Rk , where R is a non-trivial proper subgroup of T . Since
GB ∼=G has a unique minimal normal subgroup which is not simple and not regular on B,
XB is SD, CD, or PA.
We have now proved that either X = XB = AS, or the (X,XB)-entry of Fig. 1 is the
symbol. To complete the proof we must construct examples in each of these cases.
For X =XB = AS, let G be a non-abelian simple group, and let H <K <G be a chain
of distinct subgroups. Consider the right multiplication action ofG on the set Ω := [G :H ]
of rightH -cosets. Let B denote the partition ofΩ with parts labelled by the rightK-cosets,
such that the part corresponding to Kg is the set of H -cosets contained in Kg. Then B is
G-invariant, and G acts faithfully on both Ω and B as a quasiprimitive group of type AS.
For the other cases, let T be a non-abelian simple group, let 1<H <K < T be a chain
of distinct subgroups, let C be any group of order k that has a chain 1 < E < F < C
of distinct subgroups. Consider the standard wreath product G = T wr C < T wr Sk ,
where the top group C acts regularly of degree k by right multiplication. Let B =∏
c∈C Tc ∼= T k be the base group, and consider the following subgroups of B , all of which
are normalised by C: the full diagonal subgroup D = {(t, . . . , t) | t ∈ T }, its subgroups
D(H)= {(t, . . . , t) | t ∈H } and D(K) = {(t, . . . , t) | t ∈ K}, and its ‘overgroups’ E and
F consisting of all k-tuples that are constant on each set of entries corresponding to a right
coset of E or F respectively. Then we have the following subgroup chain:
C <D(H)C <D(K)C <DC <EC < FC <G.
For each proper subgroup Y in this chain, G acts transitively on [G : Y ] = {Yg | g ∈ G}
by right multiplication. Since B is the unique minimal normal subgroup of G, B  Y , and
G= BY , it follows that B is transitive in this action, and G is faithful and quasiprimitive
on [G : Y ]. Moreover, the stabiliser in B of the ‘point’ Y is the subgroup B ∩ Y , and this
is one of the subgroups 1,D(H),D(K),D, E or F . It follows from Table 1 that G is
quasiprimitive of type TW, PA, PA, SD, CD or CD respectively. Finally, as in the previous
paragraph, if Y1 < Y2 < G, then we obtain a G-invariant partition of [G : Y1] on which
the action of G is equivalent to its action on [G : Y2]. Various choices of proper subgroups
Y1 and Y2 in the chain above yield examples of a quasiprimitive group of type X with a
quotient action of type XB , for each of the pairs (X,XB) for which the entry in Fig. 1 is
the symbol. Thus Theorem 1 is proved.
5. Proof of Theorem 2
Suppose that (G,H) is an imprimitive quasiprimitive inclusion on a finite set Ω of
type (X,Y ), and let B be a non-trivial H -invariant partition of Ω . Let C be a maximal
H -invariant partition of Ω such that B is a refinement of C , and possibly B = C . Then
H C is primitive. Let the type of the corresponding quotients (GB,HB) and (GC,H C) be
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Possibilities for YC
Line YC Conditions
(i) ‘any’ T ∼= S, M is a direct product of some of the simple direct factors of N
(ii) AS N = S has a proper factorisation S = SCM
(iii) SD l = 2, the groups T ,S are known explicitly, and π1(M)∼= π2(M)∼= T
(iv) CD H is a blow-up of a primitive group of type SD with socle S2,
the groups T ,S are as in line (iii), and πi(M)∼= T for each i
(v) PA S has a proper factorisation S = π1(NC)π1(M)
(XB, YB) and (XC, Y C) respectively. Suppose that part (a) of Theorem 2 does not hold so
that
either X = Y, or X = Y and soc(H) = soc(G). (1)
Since H and G are imprimitive, X,Y ∈ {AS,SD,CD,TW,PA}. Thus N = soc(H)= S1 ×
· · · × Sl ∼= Sl and M = soc(G)= T k , where S,T are non-abelian simple groups, k, l are
positive integers, andN,M are the unique minimal normal subgroups ofH,G respectively.
Now GB ∼= GC ∼= G and HB ∼= H C ∼= H since both G and H are quasiprimitive, and
hence MB ∼= MC ∼= M , NB ∼= NC ∼= N are the unique minimal normal subgroups of
GB,GC,HB,H C , respectively. Since both M and N are transitive on Ω , and since both B
and C are non-trivial partitions, it follows that none of MB,MC, NB,NC is regular. Thus
XB,XC , YB, Y C ∈ {AS,SD,CD,PA}, (2)
and in particular the conditions of [3, Lemma 6.2] hold for the quasiprimitive-primitive
inclusion (GC,H C). Applying this result we conclude that M  N , and that one of the
lines of Table 2 holds, where in line (i), Y C may be any of the possibilities in (2). Here
πi denotes the projection map N → Si for 1  i  l. Let B ∈ B and C ∈ C such that
α ∈B ⊆ C. First we deal with the case Y C = AS.
Lemma 1. If Y C = AS and (1) holds, then Y = YB =X =XB =XC = AS and there are
proper factorisations S = SBT = SCT = SαT , so part (b) of Theorem 2 holds with k = 1.
Proof. If line (i) of Table 2 holds, then M =N and X = Y = AS, contradicting (1). Thus
line (ii) of Table 2 holds and we have a proper factorisation S = SCM with M = T k .
Since M is transitive on Ω , and on B, we also have S = SαM = SBM . If k = 1 we have
the required result. So suppose that k  2. Then by [3, Theorem 1.4], the only possible
factorisations have S =An for some n 10, and SC = SB = Sα =An−1, which contradicts
the fact that B is non-trivial. ✷
From now on we will assume that l > 1. Next we prove that Y C = PA.
Lemma 2. If (1) holds and l > 1, then Y C = PA, YB = Y = PA, and S = π1(NC)π1(M)=
π1(Nα)π1(M) are proper factorisations.
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therefore neitherNB norNα is a subdirect subgroup ofN . Hence YB = Y = PA. Moreover,
if line (i) of Table 2 holds, then N =M since the direct product of any proper subset of
the simple direct factors of N is intransitive on C in this case. This is a contradiction to
(1), and we conclude that line (v) of Table 2 holds. Also since N = NαM it follows that
S = π1(Nα)π1(M), and this is a proper factorisation since π1(Nα) π1(NC) = S. Thus to
complete the proof we need only prove that Y C = PA.
Since l > 1, we have from (2) that Y C ∈ {SD,CD,PA}, and it is therefore sufficient to
prove that Y C = SD,CD. Suppose first that Y C = SD. Then it follows from Theorems 3
and 4 that GC is imprimitive and XC = AS or PA. If XC = AS, then by [3, Results Matrix],
(GC,H C) is described in [3, Section 4.3] and in particular the simple socle MC ∼=M of
GC should be regular on C , and this is not the case since M is transitive on Ω and C is
non-trivial. Thus XC = PA. We shall show below that this case does not occur.
If Y C = CD then it follows from Theorems 3 and 4 thatGC is imprimitive andXC = PA.
By [3, Results Matrix and Remark 4.8], (GC,H C) is a blow-up of a quasiprimitive-
primitive inclusion (G1,H1), where H1 has type SD, and (since MC is not a subdirect
subgroup of M), G1 must have type AS or PA. In the former case, by [3, Results Matrix
and Section 4.3], soc(G1) is regular, and hence also M = soc(G) is regular on C , which is
a contradiction. Hence G1 has type PA.
We complete the proof by showing that there are no inclusions (GC,H C) which both
(a) are either equal to, or a blow-up of, a quasiprimitive-primitive inclusion (G1,H1)
of type (PA,SD), and (b) have a non-trivial lift to Ω . Suppose that (GC,H C) is such
an inclusion. By [3, Results Matrix and Section 4.4], (T ,S) = (A5,A6), (M11,M12), or
(7(q),P+8 (q)) (q  2), and we have l = k = 2t , where t = 1 if Y C = SD, and t > 1
if Y C = CD. Thus soc(H1)= S × S and soc(G1)= T × T σ , where we identify T with a
subgroup of S, and σ is an outer automorphism of S such that S = T T σ and T σ 2 = T .
The stabiliser NC ∼= St is a direct product of t copies of S, each of which is a diagonal
subgroup of a sub-product S × S of N . Also MC ∼= (T ∩ T σ )t . Since M < N and M is
transitive on Ω , it follows that N is not regular on Ω , and hence Y ∈ {SD,CD,PA}.
Suppose first that Y = SD or CD. Then Nα ∼= St ′ , where 1 t ′ < t and t ′ divides t , and
if Y = SD then t ′ = 1. Thus t/t ′  2 and |C| = |S|t−t ′ , and since MC is transitive on C,
|C| divides |T ∩ T σ |t . However if S = A6 then T ∩ T σ ∼=D10 the order of which is not
divisible by 3. If S =M12, then T ∩ T σ ∼= PSL(2,11), and the 3-part of |C| is 33(t−t ′),
while the 3-part of |T ∩ T σ |t is 3t , which implies that t/t ′  3/2, contradicting the fact
that t/t ′  2. If S = P+8 (q), then T ∩ T σ ∼= G2(q) (see [8, Lemma A on p. 105]), the
order of which is not divisible by q2 + 1.
Thus Y = PA, and hence Nα  R2t for some proper subgroup R of S. Recall that
Nα < NC and NC ∼= St , with each simple direct factor of NC a diagonal subgroup of a
sub-product S × S of N . Thus Nα  R2t ∩ NC ∼= Rt . Since MC is transitive on C we
have NC =MCNα , so NC =MC(R2t ∩NC). Then since MC ∼= (T ∩ T σ )t it follows that
S = (T ∩ T σ )R. In particular, |S : T ∩ T σ | divides |R|. If S = A6 then T ∩ T σ ∼=D10, so
36 divides |R| and hence R = (S3 wr S2)∩A6 and R ∩ (T ∩T σ )= 1. However R contains
a conjugate of an involution in T ∩ T σ , and it follows that R ∩ (T ∩ T σ ) = 1. If S =M12,
then T ∩ T σ = PSL(2,11), and we require S = RT = RT σ = R(T ∩ T σ ). By [5, p. 33],
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2 × S5, 42 : D12 and A4 × S3, but in each of these cases |S : T ∩ T σ | = 16 · 9 does not
divide |R|. Thus S = P+8 (q) and T ∩T σ ∼= G2(q). Since S =R(T ∩T σ ), |R| is divisible
by q6(q4 − 1)2/(4, q4 − 1), but it follows from [8, Table 4] that there is no factorisation
of S for which one of the factors has order divisible by this number. This contradiction
completes the proof. ✷
We now need to determine the possibilities for XC . First we prove that XC must be
either AS or PA. Recall that πi denotes the projection map N → Si for 1 i  l.
Lemma 3. If (1) holds and Y C = PA then XC = AS or PA. Moreover, πi(M)∼= T for each
i  l.
Proof. Since Y C = PA, H C preserves a Cartesian decomposition C = ∆l and choosing
C = (δ, . . . , δ) ∈ C , we have NC = (Sδ)l . For any type XC we have π1(M) ∼= T u for
some u k. Suppose that u 2. By Lemma 2, S = Sδπ1(M)= π1(Nα)π1(M) are proper
factorisations, and it follows from [3, Theorem 1.4] that S =An and Sδ = πi(Nα)=An−1
where n= |∆| 10. Now Nα is a subdirect subgroup of∏li=1 πi(Nα)= Aln−1 =NC , and
as Nα = NC it follows from [15, Lemma, p. 328] that Nα ∼= Amn−1 and |C| = |An−1|l−m
for some m < l. Now for all n  10, there exists a prime p such that n/2 < p  n − 1.
Therefore p divides |C| which divides |M| = |T |k , since M is transitive, and hence p
divides |T |. Then since T u = π1(M)  S = An and u  2, we conclude that p2 divides
|An|, which is a contradiction. Hence π1(M) ∼= T , and since G acts transitively on the
πi(M) by conjugation, πi(M)∼= T for each i .
By (2), XC ∈ {AS,SD,CD,PA}, and by Theorems 3 and 4, XC = SD. Moreover, if
XC = CD then, by [3, Remark 4.11], (GC,H C) is a blow-up inclusion preserving a
Cartesian decomposition C = ∆l , and the component induced by G on ∆ has type SD
or CD. In this case we would have k = lk0, M =∏li=1 πi(M) and πi(M) ∼= T k0 with
k0  2, which is a contradiction. Hence XC = AS or PA, and the lemma is proved. ✷
Lemma 4. If Y C = PA and XC = AS, then B = C is maximal with blocks of size 2,
X = AS, M = Sp4(q),N = Sp4(q0)2, where q = qr0 > 2 with q even and r  1, and
|B| = (q2(q2 − 1)/2)2. Thus Theorem 2(c) holds with k = 1.
Proof. By [10, Proposition 6.1] and [3, Results Matrix and Section 4.5] applied to the
inclusion (GC,H C), we have that l = 2, and the triple (T ,S, d) satisfies one of the lines of
Table 3, where |C|1/2 = d . Moreover, NC =R×R where, for each of the lines of Table 3,
R is almost simple, or T = S = P+8 (q) with q odd and R =7(q) has a centre of order 2.
Since Y = PA by Lemma 2, a point stabiliser Nα is a subdirect subgroup of Q ×Q for
some proper subgroup Q of S, and since Nα  NB  NC , we have Q  π1(NB)  R. It
follows that H leaves invariant a partition B′ =∆′ ×∆′ of Ω which refines C such that,
for B ′ = (δ1, δ2) ∈ B′ with α ∈ B ′, NB ′ =Q×QNC . Since M = T is transitive on B′,
the stabiliser MB ′ is the intersection of subgroups M1 and M2, each of index |∆′| in M ,
and M =M1M2. It follows from [2, Theorem 1.1] and from our knowledge of T , that
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Possibilities for proof of Lemma 4
T S d
A6 A6 6
M12 T 12
A12
Sp4(q), q even, q > 2 T
q2(q2−1)
2
Ad
Sp4r (q0), q = qr0
P+8 (q) T
q3(q4−1)
(2,q−1)
Ad
Sp8(2), q = 2 120
|∆′| = d and hence that Q= R, B′ = C , and B ′ = C. Thus Nα is a subdirect subgroup of
NC =R ×R.
Since M is transitive on Ω , |C| divides |MC |, and for the four possibilities for T
we have that MC is respectively D10, L2(11), D2(q2−1), or G2(q). If S = Ad then
NC = Ad−1 × Ad−1. Since Nα is a proper subdirect subgroup of NC , we have by [15,
Lemma, p. 328] that Nα ∼= Ad−1, and |C| = (d − 1)!/2. However (d − 1)!/2 does not
divide |MC | in any of the four cases. Thus S  Ad , and in particular T = A6. Similarly if
S = T = M12 then NC = M11 × M11, and the same argument shows that |C| = |M11|.
However |M11| does not divide |MC | = |L2(11)|, so we have a contradiction and we
conclude that T = M12.
Suppose next that T = P+8 (q). If S = T , then NC = 7(q) × 7(q), and Nα is
a proper subdirect subgroup of NC . The intersection of Nα with the first direct factor
7(q) must therefore be a proper normal subgroup of 7(q), and hence have order
dividing gcd(2, q − 1). It follows that |Nα| = ε|7(q)| and |C| = |7(q)|/ε, where
ε  gcd(2, q − 1). However this value of |C| does not divide |MC | = |G2(q)|, and
hence S = T . From Table 3 and since S = T ,Ad , we have q = 2 and S = Sp8(2). Here
NC =−8 (2)×−8 (2), so the usual argument shows that |C| = |−8 (2)|, which is greater
than the order of MC = G2(2)= U3(3).2. Thus T = P+8 (q).
This leaves T = Sp4(q) and S = Sp4r (q0), where q = qr0 is even, q > 2, and r  1. Here
NC = O−4r (q0)×O−4r(q0) and its derived subgroup is N ′C =−4r (q0)×−4r(q0), of index 4.
Since Nα is a subdirect subgroup of NC it follows that Nα ∩N ′C is a subdirect subgroup
of N ′C . If Nα ∩ N ′C is a proper subgroup of N ′C , then the previous argument shows that
|C| is divisible by |−4r (q0)|. However |MC | = 2(q2 − 1) < |−4r (q0)| |C|, which leads
to a contradiction. Hence N ′C Nα and so |C| = |NC :Nα| divides |NC : N ′C | = 4. Since
|MC | = 2(q2 − 1) is not divisible by 4, it follows that |C| = 2, Since B is non-trivial it
follows that B = C , as asserted. The proof is now complete. ✷
We now consider the final case where XC = PA.
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a Cartesian decomposition C =∆l and one of the following holds, where C = (δ, . . . , δ) ∈
C,B ∈ B, and α ∈ B ⊆ C.
(a) l = k, T < S, S = SδT = π1(NB)T are proper factorisations and NB is a subdirect
subgroup of ∏li=1 πi(NB)∼= π1(NB)k . Here X = PA or TW, and Theorem 2(b) holds
with k > 1.
(b) l = 2k, T = Sp4(q), S = Sp4r (q0), where q = qr0 is even, q > 2, and r  1. Further
|∆| = q2(q2 − 1)/2, −4r (q0)l < Nα < NB  NC = O−4r (q0)l , Nα is a subdirect
subgroup of NC , and |B| = |NB : Nα| divides 2k so that |B| = 2a|∆|l for some a
satisfying 0 a < k. Here X = PA, and Theorem 2(c) holds with k > 1.
Proof. By Lemma 2, YB = Y = PA. Thus Nα is a subdirect subgroup of Rl for some
proper subgroupR of S, and since Nα NB NC = Slδ , it follows that R  π1(NB) Sδ .
Let B ′ denote the orbit of Rl containing α. Then B ′ is a block of imprimitivity for H
and B ′ generates an H -invariant partition B′ = (∆′)l of Ω that refines C so we have
Nα NB ′ = Rl NC . Also ∆ can be identified with an S-invariant partition of ∆′. Since
H =NHα , HC =NCHα , and HB ′ =NB ′Hα , it follows that Hα is transitive on the simple
direct factors of N , and also on the l direct factors Sδ of NC , and on the l direct factors R
of NB ′ .
Since XC = PA, MC is not a subdirect subgroup of M , and hence its subgroup MB is
not a subdirect subgroup of M . However, since B is non-trivial, we have MB = 1 and it
follows that XB = PA. Similarly, Mα is not a subdirect subgroup of M , and so X = PA or
TW.
Let M = T1 × · · · × Tk and N = S1 × · · · × Sl . Suppose that πi(T1) = 1 for exactly
u values of i , where 1  i  l. Since G acts transitively by conjugation on T1, . . . , Tk , it
follows that, for each j , πi(Tj ) = 1 for exactly u values of i . By Lemma 3, πi(M) ∼= T
for each i = 1, . . . , l. Hence ker(πi) ∩M ∼= T k−1 and is a normal subgroup of M , so
ker(πi) ∩M is the direct product of k − 1 of the Tj . Thus for each i there is a unique j
such that πi(Tj ) = 1, and it follows that l = uk. We may assume that, for each j  k, Tj
has non-trivial projections onto
S(j−1)u+1, . . . , S(j−1)u+u.
We may write B′ = B1 ×· · ·×Bk , where Bj =∏ui=1 ∆′(j−1)u+i = (∆′)u so that the groups
induced by N and M on B1 are N1 = S1 × · · · × Su and T1, respectively. Both N1 and
T1 are transitive on B1. If u= 1 then, since condition (1) defined at the beginning of the
section holds, we have N =M so T < S. By Lemma 2, S = SδT = π1(NB)T = π1(Nα)T
are proper factorisations, and so Theorem 2(b) holds with k > 1. Thus part (a) of the lemma
holds if u= 1.
Suppose then that u 2. Let B1 = (δ1, . . . , δu) ∈ B1. Then the stabiliser of B1 in N1 is
R1 × · · · × Ru ∼= Ru, and the stabiliser of B1 in T1 is the intersection of subgroups (T1)δi
for i = 1, . . . , u, each of index |∆′| in T1. Moreover the transitivity of T1 on B1 implies that
we have a factorisation T1 = (T1)δi ∩ (
⋂
j =i (T1)δj ) for each i . In the terminology of [2],
the set of subgroups (T1)δi for i = 1, . . . , u, is therefore a strong multiple factorisation
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that u= 2. Moreover, it follows from [2, Theorem 1.1] that T and d := |∆′| are as in one
of the lines of Table 3, and then it follows from [3, Lemma 4.3] that T ,S, and d = |∆′|
are as in one of the lines of Table 3. In all cases S acts primitively on ∆′, and it follows
that B′ = C , and consequently that B ′ = C, ∆′ =∆, and R = Sδ . Thus Nα is a subdirect
subgroup of Rl = Slδ . To complete the proof we generalise the arguments of Lemma 4.
For the four possibilities for T , we have that MC is respectively Dk10, L2(11)
k
, Dk2(q2−1),
G2(q)k . Recall that |C| divides |MC |.
If S = Ad then NC = Ald−1. Since Nα is a proper, subdirect subgroup of NC , it
follows from [15, Lemma, p. 328], and the transitivity of Hα on the simple direct factors
of NC , that Nα is equal to the direct product of m copies of Ad−1 each of which is
a full diagonal subgroup of a subproduct Al/md−1, for some proper divisor m of l. Thus
|C| = |Ad−1|l−m  |Ad−1|l/2 = |Ad−1|k > |MC |, which is a contradiction. Thus S = Ad ,
so in particular T = A6.
Next suppose that S = T = M12. ThenNC = Ml11 andMC = L2(11)k , and the argument
of the previous paragraph shows that, for some proper divisor m of l, |C| = |M11|l−m 
|M11|k > |MC |, which is a contradiction. Thus T = M12.
Suppose now that T = Sp4(q) and S = Sp4r (q0), where q = qr0 is even, q > 2, and
r  1. Then NC = O−4r (q0)l and its derived subgroup is N ′C =−4r (q0)l , of index 2l . Since
Nα is a subdirect subgroup of NC , it follows that Nα ∩N ′C is a subdirect subgroup of N ′C .
If Nα does not contain N ′C , then Nα ∩N ′C is a proper subdirect subgroup of N ′C and the
previous argument shows that |C| is divisible by |−4r (q0)|k , which is greater than |MC |,
and we have a contradiction. Hence Nα contains N ′C , and so |C| divides |NC : N ′C | = 2l .
Further, since |MC | = (2(q2 − 1))k is not divisible by 2k+1, but is divisible by |C|, it
follows that |C| divides 2k . Now |B| = 2a|C| where 2a = |NC : NB |, and since NB = Nα
we have 2a+1  |NC :Nα| = |C| 2k so 0 a < k. Since Mα > (D2(q2−1))k ∩N ′C = 1, it
follows that X = PA and so Theorem 2(c) holds with k > 1.
Finally suppose that T = PΩ+8 (q). If S = T , then NC = Ω7(q)l , and the argument
above yields that |C|  |7(q)|k > |G2(q)|k = |MC |, which is a contradiction. Hence
q = 2 and S = Sp8(2). Here NC =−8 (2)l , and as MC = G2(2)k = (U3(3).2)k has order
less than |−8 (2)|k , the usual argument leads to a contradiction. ✷
It follows from Lemmas 1–5 that one of Theorem 2(a)–(c) holds, and in parts (b) and
(c) we have (X,Y )= (AS,AS), (AS,PA), (PA,PA), or (TW,PA). To complete the proof
of Theorem 2 we demonstrate by examples that each case of the theorem and each of
these inclusion types can arise. For case (a) we could simply choose any imprimitive
quasiprimitive group G = H . To obtain an example with G = H we could take, for
example, G=A5,H = S5 on a coset space [H : S3] of degree 20.
For case (b), we take any non-abelian simple group S which admits proper factorisations
S = AT = BT with T a non-abelian simple group and B < A < S. Then H := S wr Sk
(k  1) is faithful, quasiprimitive and imprimitive on Ω := [S : B]k (in product action
if k  2). In this action H leaves invariant a non-trivial partition corresponding to B :=
[S :A]k . We take G = T wr Sk < H . The inclusion (G,H) has type (AS,AS) if k = 1,
while if k  2, then it has type (PA,PA) if B ∩T = 1, and (TW,PA) if B ∩T = 1. The last
346 C.E. Praeger / Journal of Algebra 269 (2003) 329–346possibility can certainly arise. For example, take S = L2(29), T = A5, B = Z29 ·Z7, and
A=Z29 ·Z14.
For case (c), let T = Sp4(q) and S = Sp4r (q0), where q = qr0 is even, q > 2, and
r  1. Also let σ ∈ Aut(T ) be such that σ interchanges the two conjugacy classes of
subgroups of T isomorphic to O−4 (q) and note that T = O−4 (q)O−4 (q)σ . Let A= O−4r (q0)
so A′ =−4r (q0), and let L be a subdirect subgroup of A×A of index 2. Then, for k  1,
H := S wr (S2 wr Sk)= (S wr S2)wr Sk is faithful and quasiprimitive on Ω := [S×S :L]k
and leaves invariant a non-trivial partition corresponding to B = [S : A]2k with blocks
of length |A2k : Lk| = 2k . Identify T with the subgroup {(t, tσ ) | t ∈ T } of S × S. Then
G wr Sk < H is faithful and quasiprimitive on Ω (since S × S = TL) and the inclusion
(G,H) satisfies Theorem 2(c), having type (AS,PA) if k = 1 and (PA,PA) if k > 1.
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